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Abstract
We study the variation of the massive black hole in both normal and extended thermodynamic
phase spaces via two methods. The first method includes a charged particle absorbed by the black
hole, while the second method includes a shell of dust falling into the black hole. Using the former
method, the first and second laws of thermodynamics are always satisfied in the normal phase
space, while in the extended phase space, the first law of thermodynamics is also satisfied, but the
validity of the second law of thermodynamics depends on the model parameters. Applying the
latter method, the first and second laws of thermodynamics are both valid. We argue that the
possible reason for the violation of the second law of thermodynamics via the former method may
be attributed to the assumption that the change of internal energy of the black hole is equal to
the energy of the particle. Finally, we show that the event horizon always exists to guarantee the
validity of the weak cosmic censorship in both phase spaces, which means that the violation of the
second law of thermodynamics under the assumption does not affect the weak cosmic censorship
conjecture. This further supports our argument that the assumption in the first method may be
the reason for the violation of the law and it requires deeper treatment.
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I. INTRODUCTION
The energy in the form of Hawking radiation can be emitted from the horizon of black
hole after one considers the quantum effect [1–3]. Due to this, a black hole could be treated
as an actual thermodynamic system, which is similar to the traditional thermodynamics[4].
This similarity leads to the definition of Bekenstein-Hawking entropy which is proportional
to the area of the event horizon[5–8]. The understanding of entropy production is a crucial
point to quantify the black hole thermal systems. This is not only of the importance to
comprehend the perception of the black hole physics, but also provides considerable new
ideas to work on. Afterward, the relationship between gravitation, thermodynamics and
quantum theory has been attracting considerable attention.
Recently, one of progress in the development of black hole thermodynamics is to construct
an extended phase space in black hole[9–11]. The idea is to treat the cosmological constant
as the pressure of the black hole thermal system, and the thermodynamical volume is the
thermodynamical conjugate of the pressure, i.e. V = (∂M/∂P )∣S,Q,J [12, 13]. This volume
is regarded as a volume covered by the event horizon of the black hole and the gravitational
mass is regarded as enthalpy instead of energy as usual. In this framework, many remark-
able properties of black holes have been studied, such as the Van der Waals behavior[14],
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solid/liquid phase transitions and triple points[15], reentrant phase transitions[16], holo-
graphic heat engine[17], Joule-Thomson expansion[18] and so on. The subject has been
generalized as black hole chemistry, see[13] as a review. Based on the studies, the four
laws of thermodynamics play an important role, therefore, it is interesting and important
to explicitly visit their validity in the extended phase space of black hole thermodynamics.
Besides, the validity of the first law does not always imply that the second law and the
weak cosmic censorship conjecture(WCCC) are equally valid. The weak cosmic censorship
states that a singularity should be hidden by the horizons except at the Big Bang, so it is
invisible to the observers outside. Cosmic censorship was proposed to avoid the breakdown
of causality[19–21] which is still a famous open problem. Thus, physicists keep interesting in
the test of its validity, especially the validity of the WCCC. A common strategy is a particle
absorbed by a black hole to see whether the horizon still exists for the validity of WCCC,
see for example[22] and the extension to other test fields[23–25]. Afterward, the WCCC has
been studied widely in various black holes through particle absorption or scattering of the
test field[26–32]. The previous studies show that the validity of WCCC depends on both
the state of black hole and the method of perturbation, so there is no general way to discuss
the conjecture.
More recently, Gwak investigated the variation of horizon and the laws of thermodynamics
under charged particle absorption in the extended phase space, and also checked whether the
WCCC is still valid[33]. It was shown that the second law of thermodynamics is violated with
the contribution of PV term while the WCCC is still valid. This work was soon extended
to other gravitational theories[34–46]. Now we will focus this work in massive gravity which
is one example of a theory that modifies gravity at large distance-scales.
As is known that black holes are important theoretical tools for exploring general gravity
as they provide a particle environment for testing gravity. Moreover, we know that the
graviton is massless in Einstein’s theory of general relativity. Recently, some cosmologists
proposed the idea of massive graviton to modify general relativity to see whether it’s a
conspiracy theory. The first attempt of the construction in massive gravity was done by
Fierz and Pauli, but their construction can not recover general relativity with the limit of
mgraviton = 0[47]. Afterward, Vainshtein proposed a nonlinear model for massive gravity [48]
but it suffers Boulware-Deser(BD) ghosts [49, 50]. Recently, more non-linear terms have been
introduced into massive gravity, which avoids this instability [51–58]. Various phenomenol-
ogy of massive gravity has been widely investigated. Especially, its thermodynamical phase
transition and the related studies in extended phase space have been addressed in [59–69].
In this paper, we shall revisit the thermodynamics and WCCC in four dimensional massive
gravity with a negative cosmological constant[59, 70]. We first use Gwak’s proposal by
considering a charged particle absorbed by the black hole, then we include a shell of dust
falling into the black hole as an alternative method.
The outline of the paper is as follows. In section II, we briefly review the AdS black hole
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solution in massive gravity. In section III, we take into account the study of the thermo-
dynamics of massive gravity black hole by absorbing a charged particle both in the normal
and extended phase space. While in section IV, we investigate the laws of thermodynamics
under a shell of infalling dust. Finally, in section V, we concentrate on the weak cosmic
censorship conjecture under the charged particle absorbing which shows the horizon always
exists. Conclusions and discussions are shown in the last section.
II. BLACK HOLES WITH SPHERICAL HORIZON IN MASSIVE GRAVITY
The action of the four-dimensional massive gravity we are considering is given by (in the
units c = G = h̵ = kB = 4piε0 = 1)[70]
S = 1
16pi ∫ d4x√−g [R + 6l2 − 14F 2 +m2g 4∑i=1 ciUi(g, f)] (1)
where mg is the mass of graviton in the theory. In the action, the last term represents
massive potentials associated with the graviton which breaks the diffeomorphism invariance
in the bulk producing momentum relaxation in the dual boundary theory. The couplings
parameters ci are constants, while f denotes the reference metric, and Ui are symmetric
polynomials of the eigenvalue of the 4 × 4 matrix K µν ≡ √gµαfαν with the forms
U1 = [K ], U2 = [K ]2 − [K 2],
U3 = [K ]3 − 3[K ][K 2] + 2[K 3],
U4 = [K ]4 − 6[K 2][K ]2 + 8[K 3][K ] + 3[K 2]2 − 6[K 4], (2)
where [K ] =K µµ and the square root in K is defined as (√K )µν(√K )νλ =K µλ.
The static spherical black hole solution of the above action yields [59]
ds2 = −f(r)dt2 + dr2
f(r) + r2(dθ2 + sin2 θdϕ2). (3)
Following [70], we take the reference metric as fµν = diag(0,0, c20hij). Then with the ansatz
(3) and the reference metric, we obtain U1 = 2c0/r, U2 = 2c20/r2, and U3 = U4 = 0, thus the
solutions of fields are
Fµν = ∂µAν − ∂νAµ, A = −q
r
dt, (4)
f(r) = 1 + r2
l2
− 2M
r
+ q2
r2
+ c0c1m2g
2
r + c20c2m2g. (5)
According to the Hamiltonian approach, the parameters M and q are related to the mass
and charge of the black hole as[59]
M = V2
4pi
M , Q = V2
4pi
q (6)
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where V2 is the volume of the two dimension space. Using f(r)∣r=rh = 0, where rh denotes
the radius of horizon, we derive the mass as
M = rh
2
+ q2
2rh
+ 1
2
c20c2m
2
grh + 14c0c1m2gr2h + r3h2l2 . (7)
The Hawking temperature and the entropy of the black hole are
T = f ′(rh)
4pi
= c0c1m2g
4pi
+ 1
4pirh
+ c20c2m2g
4pirh
− q2
4pir3h
+ 3rh
4pil2
, (8)
S = ∫ rh
0
dr
1
T
(∂M
∂r
)
q,l,ci
= pir2h, (9)
respectively.
Thermodynamic and the related studies of massive black hole have been done in [59–69].
Thus, here as a revisiting, we will study the thermodynamics of massive gravity black hole
via two methods: one is the black hole absorbs a charged particle, and the other is a shell of
dust falls into the black hole. We will mainly focus on the validity of the thermodynamical
laws both in normal phase space and extended phase space.
III. THERMODYNAMICS UNDER CHARGED PARTICLE ABSORPTION
In this section, we will study the thermodynamics of massive gravity black hole by ab-
sorbing a charged particle.
A. Energy and momentum of a particle absorbed by the black hole
Upon a charged particle is absorbed, the charged massive gravity black hole will be
perturbed so that the transferred energy, charge and angular momentum derivate from the
energy, charge and angular momentum fluxes of the particle at the outer horizon. The
Hamiltonian of the charged particle is
H = 1
2
gµν(Pµ − eAµ)(Pν − eAν) (10)
and the Hamiltonian-Jacobi action is
S = 1
2
m2λ −Et +Lφ + Sr(r) + Sθ(θ), (11)
where the four-momentum Pµ of the particle is defined as Pµ = ∂µS. Here m2, e and λ are the
mass, charge of the particle and an affine parameter, respectively. Due to the symmetry of
the metric (3), the conserved quantities E and L with respect to t and ϕ are the energy and
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angular momentum of the particle, respectively. To proceed, we combine (3) and (10)-(11)
to deduce
m2 − f(r)−1(−E − eAt)2 + f(r)(∂rSr(r))2 + r−2((∂θSθ)2 + sin−2 θL2) = 0. (12)
The angular part of the above expression can be defined separately as
K ≡ (∂θSθ(θ))2 + sin−2 θL2 = −m2r2 + r2
f(r)(−E − eAt)2 − r2f(r)(∂rSr(r))2. (13)
Thus, (11) is rewritten as
S = −Et +Lφ + ∫ dr√R + ∫ dθ√Θ (14)
where
Sr ≡ ∫ dr√R, Sθ ≡ ∫ dθ√Θ, Θ ≡K − sin−2 θL2, (15)
R = 1
r2f(r)(−K2 − u2r2) + 1r2f(r) ( r2f(r)(−E − eAt)2) . (16)
Subsequently, the radial momentum P r and angular momentum P θ can be computed
P r = grr∂rSr(r) = f(r)¿ÁÁÀ−K −m2r2
r2f(r) + (−E − eAt)2f 2(r) , (17)
P θ = gθθ∂θSθ(θ) = 1
r2
√
K − 1
sin2 θ
L2. (18)
Following [33], we assume that the charged particle is completely absorbed by the black
hole when it passes through the outer horizon. Subsequently, it is impossible for an observer
outside the horizon to distinguish the conserved quantities of the particle from those of
the black hole. Especially, a connection between conserved quantities and momenta at any
radius position can be derived. Then the limit (17) at the outer horizon will give us the
following relation between the conserved quantities and the radial momentum
E = q
rh
e + ∣P r∣. (19)
The equation above implies that both momentum and electric charge of the particle con-
tributes to the energy. We note that q/rh is the electromagnetic potential at the event
horizon and ∣P r∣ should be positive. When electrical attraction acts on the particles, the
total energy of the particles can be negative. But we simply choose the signs in front of E
and ∣P r∣ to be both positive, because when the particle falls into the black hole, a positive
value of the energy must be satisfied [33, 36, 37, 73].
The relation involves interaction between the particle and the black hole, and we have
assumed there is no energy loss in the process. Namely, the charge of the particle e is
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equal to the varied charge of the black hole dQ. The energy of the particle is expressed in
terms of e and ∣P r∣ near the horizon in (19). It is crucial for us to find a corresponding
thermodynamical term that also contains the variation of e and ∣P r∣. Following Gwak [33],
we also assume that the energy of the particle changes the internal energy of the black hole
as a charged particle is swallowed by the black hole.
B. Thermodynamics in the normal phase space
We will first study the validity of the thermodynamical laws of the massive black hole in
normal phase space. Since in the normal phase space, the mass of black hole represents the
internal energy, so with the assumption of E = dU , (19) can be rewritten as
E = dU = dM = q
rh
e + ∣P r∣. (20)
To analyze the first law under the particle absorption, we rewrite the variation of the entropy
from the Bekenstein’s area law as dSh = 2pirhdrh. The variation of the event horizon drh
determined by the charge, energy, and radial momentum of the absorbed particle will directly
contribute to the changes of the function f(r). Then, the change of f(r) could lead to the
moved event horizon rh + drh, even so, f(rh) near event horizon will not change because of
f(rh + drh) = 0, then we have df(rh) = dfh = 0, i.e.,
dfh = ∂fh
∂M
dM + ∂fh
∂Q
dQ + ∂fh
∂rh
drh = 0. (21)
With the help of (20) and (21), we can obtain drh and thus, the dSh is
dSh = 24pi∣P r∣r3h
3c0c1m2gr
3
h + 12Mrh + 12r4h/l2 − 12q2 . (22)
Combining (8) and (22) gives us the relation TdSh = ∣P r∣. Then (19) becomes E = e q/rh +
TdSh. Subsequently, due to E = dM and e = dQ, we obtain the form of the variation
dM = TdSh +ΦdQ (23)
which is the first law of thermodynamics of massive black hole in normal phase space.
We then employ (22) to check the validity of the second law of the thermodynamics,
which states that the entropy has to increase after a particle absorption.
Firstly, for the case of the extremal massive black hole which means that the temperature
vanishes, T = 0 in (8) gives us the marginal mass
Me = re + c20c2m2gre + 34c0c1m2gr2e + 2r3e/l2 (24)
7
FIG. 1: dSh near the horizon with c1, c2 for non-extremal black hole in normal phase space.
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FIG. 2: Left:The relation between dSh and c2 with fixed c1 = 5 ; Right:The relation between dSh
and c1 with fixed c2 = 5.
where re is the horizon of the extremal black hole. It is straightforward to reduce re as a
function of q, l, c0, c1 and c2, which we don’t show due to the complexity. Substituting (24)
into (22), we obtain that dSh =∞ holds for the extremal black hole.
In the case of the non-extremal black hole, dSh is always positive for any ci(i = 1,2). We
plot the relation between dSh and samples of ci in Fig.1. It is obvious that the value of dSh
is always larger than zero. More explicit relations between dSh and c1, c2 are shown in Fig.2.
The above study shows that the variation of entropy is always positive in the normal phase
space. That is to say, the second law of thermodynamics is valid in the normal phase space
under the particle absorption. We turn to the case with PV term in the next subsection.
C. Thermodynamics in the extended phase space
The PV criticality characterizing by treating the pressure as P = 3/8pil2 has been studied
in [60–62]. Here we first briefly review the main properties in the extended phase space and
then check the validity of the laws of thermodynamics via absorbing a charged particle.
In the extended phase space, the corresponding conjugate quantity of the pressure P =
3/8pil2 is treated as volume V [9, 10]. Then the mass (7) and the temperature (8) are
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rewritten, respectively, as
M = rh
2
+ q2
2rh
+ 1
2
c20c2m
2
grh + 14c0c1m2gr2h + 43Ppir3h, (25)
T = c0c1m2g
4pi
+ 1
4pirh
+ c20c2m2g
4pirh
− q2
4pir3h
+ 2Prh, S = pir2h. (26)
The other conjugate quantities of the intensive paraments P,Q, c1 and c2 are
V = ∂M
∂P
= 4
3
pir3h, Φ = ∂M∂Q = qrh , A = ∂M∂c1 = c0m2gr2h4 , B = ∂M∂c2 = c20m2grh2 , (27)
where one has to consider the coupling constants ci as thermodynamical variables. All the
thermodynamical quantities satisfy the first law of thermodynamics
dM = TdS +ΦdQ + V dP +Adc1 +Bdc2, (28)
and the generalized Smarr relation is
M = 2TS − 2V P +ΦQ −Ac1. (29)
We note that in the extended phase space, M plays the role of enthalpy rather than internal
energy of the thermodynamical system, i.e, we have
M = U + V P +Ac1 +Bc2. (30)
In this case, when the fluxes of the energy come into the event horizon, it will change the
internal energy of the black hole which can be given as a function of U(Q,S,V, c1, c2). From
(30), the conversed energy and charge of the particle are
E = dU = d(M − PV −Ac1 −Bc2), e = dQ. (31)
Consequently, the energy relation near the horizon in (19) can be expressed as
dU = q
rh
dQ + ∣P r∣. (32)
Similar to the analysis in the last subsection, the slight variations of the redshift function is
dfh = ∂fh
∂M
dM + ∂fh
∂Q
dQ + ∂fh
∂P
dP + ∂fh
∂rh
drh + ∂fh
∂c1
dc1 + ∂fh
∂c2
dc2 = 0. (33)
Combining the (30) and (33), the contribution of dP, dM,dc1 and dc2 terms can be eliminated
directly, after which the above expression gives us
drh = 12(c1dA + c2dB + ∣P r∣)rh−12M + rh(12 + 12c20c2m2g + 9c0c1m2grh + 16Ppir2h) . (34)
9
Subsequently, we obtain the change of the entropy and volume
dS = 24pi(c1dA + c2dB + ∣P r∣)r2h−12M + rh(12 + 12c20c2m2g + 9c0c1m2grh + 16Ppir2h) , (35)
dV = 16pi(c1dA + c2dB + ∣P r∣)r3h−12M + rh(12 + 12c20c2m2g + 9c0c1m2grh + 16Ppir2h) . (36)
From the above formulas and the related thermodynamical quantities, we obtain the relation
TdS − PdV − c1dA − c2dB = ∣P r∣. (37)
Thus, the expression of the internal energy in (31) becomes
dU = ΦdQ + TdS − PdV − c1dA − c2dB (38)
and then combining (30) and (38) gives
dM = TdS +ΦdQ + V dP +Adc1 +Bdc2, (39)
which is nothing but the first law of thermodynamics (28) of massive black hole in the
extended phase transition. In other words, the first law of thermodynamics holds in the
extended phase space under the particle absorption.
The next step is to analyze the sign of (35) to see if the second law is valid in the extended
phase space.
Taking the derivative of A and B in respective to rh in (27) gives us dA =
c0m2grh/2drh, dB = c20m2g/2drh, and then substituting them into (35) gives us
dS = 24pi∣P r∣r2h−12M + rh(12 + 6c20c2m2g + 3c0c1m2grh + 16Ppir2h) . (40)
Since the numerator of the above dS is always positive, we can only focus on the sign of the
denominator of (40), which will be labeled as ∆S1. Apparently, the value of ∆S1 depends
on the model parameters c1 and c2. As an attempt, we set c0 = 100,mg = 0.01, p = 1, P r = 1
and list the value of ∆S1 for different c2 with fixed c1 = 5 in table I, from which there exists
certain c2 making ∆S1 turn from positive to negative as it increases. Moreover, in Fig.3, we
plot the boundary lines (c1c, c2c) for which ∆S1 → 0. So for the parameters below the lines
∆S1 is always positive which denotes that the second law of thermodynamics is saved, while
for the parameters above each line, one always has ∆S1 < 0 which implies the violation of
the second law. It is also obvious from the figure that the borderline depends on M and Q,
and the parameter range holding the second law is narrower for smaller M but bigger Q.
It is worthwhile to point out that ∆S1 = 0 means the change of entropy dS is divergent
at the points (c1c, c2c) on the critical line. That’s to say, for a given value of c1, there is a
certain c2c that leads to the divergence of dS as shown in Fig.4 . But we do not need to
10
M Q c1 c2 rh ∆S1
2 0.5 5 3.6931 0.5099 0.1171
2 0.5 5 3.7931 0.5049 0.0587
2 0.5 5 3.8931 0.5 2.88058 × 10−6
2 0.5 5 3.9931 0.4951 -0.0589
2 0.5 5 4.0931 0.4903 -0.1181
TABLE I: Numerical results of ∆S1 for different c2 with fixed c1 = 5.
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FIG. 3: The diagrams of critical c1 and c2 for different M(left) and different Q(right).
worry about this point because the importance is the change of the sign in dS. And the
degree of freedom will go to maximal as c2 approaches to c2c which is denoted by the vertical
line in the figures. Actually, the critical point of c2 is non-physical that the black hole will
not reach this point because of the violation of the second law of thermodynamics.
Before closing this section, let us consider the case of the extremal massive black hole.
We substitute the marginal mass (24) into (40), then we could obtain
dSextremal = − 4pi∣P r∣re
c0c1m2gre + c20c2m2g + 8piPr2e . (41)
Since the denominator of dSextremal is always positive, we follow the strategy in the non-
extremal case and define the numerator as ∆S2. For fixed c0 = 100,mg = 0.01, p = 1, q = 1/2.
We list the numerical result of ∆S2 in table II. The result is similar to the case above,
which states that the violation of the second law of thermodynamics depends on the model
parameters.
Now we briefly summarize the results by absorption a charged particle in massive black
hole: (i) Both the first law and second law of thermodynamics hold in normal phase space.
11
-10 -5 5 10
C2
-20
20
40
FIG. 4: dS with M = 2,Q = 0.5, c1 = 5 near the critical point c2c.
c1 c2 re ∆S2−2 -6.07319 0.493109 -0.0833
−2 -6.17319 0.49656 -0.0414
−2 -6.27319 0.5 1.93433 × 10−6
−2 -6.37319 0.50343 0.0410
−2 -6.47319 0.506849 0.0816
TABLE II: Numerical results of ∆S2 for different c2 with fixed c1 = −2 in extremal case.
(ii) When we consider the extended thermodynamics by involving PV term, the first law is
always saved but the second law can be violated depending on the model parameters. This
violation may be brought in by the assumption of the internal energy of the black hole is
equal to the energy of the particle.
In the next section, as an alternative strategy, we will consider a thin shell falling into
the massive black hole instead of particle absorption. Then we calculate the mass of shell
when it arrives at the horizon of the black hole. We revisit the validity of the laws of
thermodynamics in both extended phase space and normal phase space.
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IV. THERMODYNAMICS UNDER A SHELL OF INFALLING DUST
Considering a thin shell approaching to the horizon and using the technique presented in
appendix A, we obtain the external of the shell in terms of (M,Q,P, r, c1, c2)
n+r = (1 +
8piP
3
r2 − 2
r
+ Q2
r2
+ c0c1m2g
2
r + c20c2m2g + R˙) 12
1 + 8piP
3
r2 − 2M
r
+ q2
r2
+ c0c1m2g
2
r + c20c2m2g , (42)
and the internal of the shell denoted by (M + dM,Q + dQ,P + dP, r + dr, c1 + dc1, c2 + dc2)
nr− = −(1 − 2(M + dM)
r
+ (Q + dQ)2
r2
+ 8pi(P + dP )
3
r2 + c0(c1 + dc1)m2g
2
r + c20(c2 + dc2)m2g + R˙2) 12 .
(43)
Subsequently, when the shell goes near the horizon, the mass of the shell can be calculated
via
µ = −R(nr+ − nr−) = −R(1 + 8piP
3
r2 − 2M
r
+ Q2
r2
+ c0c1m2g
2
r + c20c2m2g + R˙2) 12 (44)
− R(1 − 2(M + dM)
r
+ (Q + dQ)2
r2
+ 8pi(P + dP )
3
r2 + c0(c1 + dc1)m2g
2
r + c20(c2 + dc2)m2g + R˙2) 12
where dP depicts the variation of the shell’s pressure. If we want to vary the value of dc1
and dc2, they can be seen as special charges labeled as Qc1 and Qc2 , respectively. The terms
with ci in the equation above can be treated as a special form of energy which is similar to
the charge Q.
To make sure that the particle does not recoil outside the horizon and falls into the black
hole successfully, the absorption condition that the energy of the thin shell of dust must
be greater than the minimum value should be satisfied. The minimum energy by using the
condition nr+ − nr− ≥ 0 can be acquired as
dM ≥ qdQ
r
+ d2Q
2r2
, (45)
where the second term is the self-interaction of the particle which can be ignored. In (44),
we have R˙ = dR/dτ = ur, thus, we can solve out M and do the variation as
dM = 1
2
c20m
2
grdc2 + 14c0m2gr2dc1 + 43pir3dP + (dQ)22r + Qr dQ − µ22r + µnr. (46)
Here
nr = √1 + c20c2m2g + 12c0c1m2gr − 2Mr + 83piPr2 + Q2r2 + R˙2. (47)
where µ and nr depict the rest mass and the radial velocity of the shell, respectively. We
take it as a positive value to ensure that the shell indeed arrives at the horizon of the black
13
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FIG. 5: dSh for given c1 = 5.
hole successfully. The higher order of µ and dQ denote the self-interaction of particles which
can be neglected in our work. So (44) can be re-written as
dM = 4
3
pir3dP + QdQ
r
+ 1
4
c0m
2
gr
2dc1 + 1
2
c20m
2
grdc2 + µnr. (48)
Next up we will discuss the thermodynamics with the variation of mass calculated by
the shell in the extended phase space. The increase in energy is related to the black hole’s
mass. So we can discuss the violation of thermodynamics with the expression of drh which
can be given by inserting (48) into (33). Then we could delete dM directly. Interestingly,
dQ, dc1, dc2 can be deleted simultaneously, so we have the expression of drh near the horizon
drh = 12µnrr−12M + r (12 + 12c20c2m2g + 9c0c1m2gr + 64piPr2) . (49)
Using the relation between the entropy(volume) and radius with dS = 2pirhdrh and dV =
4/3pir2hdrh, yield dSh, dVh
dSh = 24piµnrr2−12M + r (12 + 12c20c2m2g + 9c0c1m2gr + 64piPr2) , (50)
dVh = 16piµnrr3−12M + r (12 + 12c20c2m2g + 9c0c1m2gr + 64piPr2) . (51)
Based on the formulas above, we obtain dM = TdSh + ΦdQ + V dP + Adc1 + Bdc2, which
implies that the first law of thermodynamics is recovered by the dust falling.
We then discuss the validity of the second law via the entropy variation (51). For the
extremal black hole where T = 0, substituting (24) into (51), we can get dSh = ∞. For
the non-extremal black hole, the event horizon should be larger than rh. We plot the
denominator of dSh the fixed c1 = 5, c0 = 100,mg = 0.01, p = 1M = 2,Q = 0.5 for different c2,
the conclusion is the denominator of dSh is always larger than zero which depicted in Fig.5.
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FIG. 6: The dependence of dSh on c1 and c2 after the dust falling.
We can see from the Fig.6 that dSh is always positive, no matter the value of c1 and
c2, the entropy of the black hole will not decrease. This shows that the second law of
thermodynamics is also valid.
What we discussed above is in the extended phase space that with the dust falling method,
the second law of thermodynamics is always valid. The conclusion is very different from that
in section III, where we assume that the black hole mass is regarded as an enthalpy which
relates to the internal energy as U = M − PV − Ac1 − Bc2, the variations of entropy are
determined by the value of c1 and c2. This means that the results are very different in both
two methods. However, in the normal phase space, the conclusion is very similar because the
variation of energy is both related to the black hole’s mass without PV term. For simplicity,
we don’t show the detailed calculations here.
V. WEAK COSMIC CENSORSHIP CONJECTURE
In this section, we are going to briefly discuss the weak cosmic censorship conjecture
under charged particle absorption. WCCC states that there is not a naked singularity for
an observer at the future null infinity. It means that singularities should be hidden by the
event horizon of black hole. We will visit the variation under a charged particle absorbed by
massive black hole to ensure the event horizon exists and the black hole is still not destroyed.
We mainly follow the strategy addressed in [33].
There is always a minimum value for the function of f(r) with a radial radius rm. If the
event horizons exist, the condition of f(rm) ≤ 0 should be satisfied. At rm, we have
f ∣r=rm ≡ fm = δ ≤ 0,
∂rf ∣r=rm ≡ f ′m = 0, (52)(∂r)2f ∣r=rm ≡ f ′′m > 0.
For the extremal condition, we have δ = 0 is satisfied, otherwise, δ is a small quantity. After
the charged particle absorbed by the black hole, the minimum point becomes rm + drm.
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Correspondingly, the variation of f(r) at r = rm is
∂rf ∣r=rm+drm = f ′m + df ′m = 0. (53)
In the extended thermodynamics, we have
df ′m = ∂f ′m∂M dM + ∂f ′m∂Q dQ + ∂f ′m∂P dP + ∂f ′m∂rm drm + ∂f ′m∂c1 dc1 + ∂f ′m∂c2 dc2 = 0. (54)
The physical parameters of the black hole change from the initial state (M,Q,P, c1, c2, rm)
to the finial state described by (M + dM,Q + dQ,P + dP, c1 + dc1, c2 + dc2, rm + drm) which
can be expressed as
f(rm + drm) = fm + dfm = δ + ∂fm
∂M
dM + ∂fm
∂Q
dQ + ∂fm
∂P
dP + ∂fm
∂c1
dc1 + ∂fm
∂c2
dc2 (55)
where
∂fm
∂M
∣r=rm = − 2rm , ∂fm∂Q ∣r=rm = 2Qr2m , ∂fm∂P ∣r=rm = 8pir2m3 , ∂fm∂c1 ∣r=rm = c0m2grm2 , ∂fm∂c2 ∣r=rm = c20m2g.
(56)
The key point is to analyze the sign of (55). Firstly, we discuss the case for the extremal
black hole where we have δ = 0. We deform dM with the condition of f ′m = 0,
dM = ∂M
∂P
dP + ∂M
∂Q
dQ + ∂M
∂c1
dc1 + ∂M
∂c2
dc2 + ∂M
∂rm
drm. (57)
Combining (57) with (31), drm can be written as
drm = −r(−2QdQ + 2c1rdA + 2rc2dB + 2r∣P r∣ + c20m2gr2dc2 + c0m2gr3dc1 + 8pir4dP )
2Q2 + c0c1m2gr3 + 24Ppir4 . (58)
Then, inserting (57) into (54), we obtain a conclusion of drm = 0, and with the help of (58),
we have
dP = 2QdQ − r(2c1dA + 2c2dB + 2∣P r∣ + c20m2grdc2 + c0m2gr2dc1)
8Ppir4
. (59)
Substituting (59) and (58) into (55), the transformation of f(rm + drm) is expressed as
fm + dfm = −2∣P r∣
rm
. (60)
The negative value after absorbing a charged particle implies that the final state of the
extremal black hole becomes a non-extremal black hole. This means that the event horizon
always exists, which depicts that the weak cosmic censorship conjecture is valid in the
extended phase space for the extremal black hole.
For the near-extremal black hole, the minimum value of δ is a small quantity and it can
be labeled as f(M,P,Q, c1, c2, r0) = δ ≪ 1. Besides, the value of f ′(rm) is very close to zero.
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Thus, we use rm = r0 +  to ensure the near extremity because (31) can not be used directly,
with 0 < ≪ 1. Then, we expand (31) near the minimum point as
dM = Q
rm
dQ + c20m2grm
2
dc2 + c0m2gr2m
4
dc1 + 4pir3m
3
dP
+ (c20c2m2grm
2
− Q2
2r2m
+ c0c1m2grm
2
+ 4ppir2m)drm (61)
+ (c20m2g
2
dc2 + c0c1m2g
2
drm + Q2
r3m
drm − Q
r2m
dQ + c0m2grm
2
dc1 + 8ppirmdrm + 4pir2mdP)  +O()2.
Inserting (61) into (55), we obtain
dfm = c20m2gdc2 + 2Qr2m dQ + 12c0m2grmdc1 + 83pir2mdP − drmrm − c
2
0c2m
2
g
rm
drm
+ Q2
r3m
drm − 2Q
r2m
dQ − c20m2gdc2 − c0m2grm2rm dc1 − 8piPrmdrm − 8pir2m3 dP (62)− 2
rm
(c0c1m2g
2
drm + c20m2g
2
dc2 + Q2
r3m
drm − Q
r2m
dQ + c0m2grm
2
dc1 + 8piPrmdrm + 4pir2mdP ) +O()2.
We solve the expression of P with f ′(rh) = 0,
P = Q2 − r2m − c20m2gr2mc2 − c0c1m2gr3m
8pir4m
. (63)
Naturally, the expression of dP reads
dP = Q
4pir4m
− c20m2gdc2
8pir2m
− c0m2g
8pirm
dc1
+ (−2rm − 2c20c2m2grm − 3c0c1m2gr2m
8pir4m
− Q2 − r2m − c20c2m2gr2m − c0c1m2gr3m
2pir5m
)drm. (64)
Substituting (63) ,(64) into (62), we have
dfm = O()2, (65)
such that
fm + dfm = δ +O()2. (66)
Since δ and O()2 are small quantities which can be neglected directly. It implies the weak
cosmic censorship is still valid for the near-extremal black hole.
Thus, under particle absorption, even though the second law of thermodynamics may
violate in certain model parameters, the weak cosmic censorship is valid in the extended
phase space.
We continue to check the weak cosmic censorship conjecture in normal phase space. To
proceed, we write the changes in the conserved quantities of the black hole as (M +dM,Q+
17
dQ), and the locations of the minimum value and the event horizon can be written as
rm + drm, rh + drh, respectively. Subsequently, the variation of f(rm + drm) is
f(rm + drm) = fm + dfm = δ + ∂fm
∂M
dM + ∂fm
∂Q
dQ. (67)
At rm + drm, the variation of f(r) is defined as dfm and considering f ′m = 0, we have
df ′m = ∂f ′m∂M dM + ∂f ′m∂Q dQ + ∂f ′m∂rm drm. (68)
Also, with the condition f ′m = 0, we obtain M and further dM as
dM = dR(−1
2
c0c1m
2
gr − 8piPr2 − Q2r2 ) + 2Qr dQ. (69)
Inserting (69) into (68), we get
dR = 2r(∣P r∣r −QdQ)
c0c1m2gr
3 + 16piPr4 + 2Q2 . (70)
Combining (69) and (67), we obtain a conclusion of the minimum point
fm + dfm = −2∣P r∣
r
(71)
which is the same as the result(60) for the extended phase space. We then will not repeat
the discussions in this case.
From the above analysis, we can conclude that under particle absorption, the weak cosmic
censorship is valid both in the extended phase space and in the normal phase space, even
though the second law of thermodynamics may violate in certain model parameters. This
means that the violation of the second law of thermodynamics under the assumption does
not affect weak cosmic censorship conjecture. Thus, we argue that the assumption in the
first method may be the reason for the violation of the second law of thermodynamics and
requires further careful treatment.
VI. CONCLUSION AND DISCUSSION
In this paper, we studied the thermodynamical laws of massive gravity black hole via two
methods. First, we investigated the thermodynamics by considering the charged particle
absorbed by the black hole and checked the validity of the thermodynamical laws both in
the normal and extended phase space. In this method, the first law is saved, while the
expression of the entropy could be negative depending on the model parameters and the
second law of thermodynamics could be violated in extended thermodynamics in which the
cosmology constant is treated as the pressure of black hole. When it comes to the case with
normal thermodynamics without PV term, the violation does not appear.
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Then we applied another method with a shell of dust falling into the massive gravity
black hole, in which the mass of the shell can be calculated directly when it approaches the
horizon of the black hole. We found the expressions of the horizon and entropy always larger
than zero, which implies the first and second laws of thermodynamics are always valid in
both cases with or without PV term.
We argued that the violation of the second law in the extended thermodynamics may be
brought by the assumption in the first method, which states that the particle changes the
internal energy of the black hole. So the assumption should be carefully treated.
Finally, we checked the weak cosmic censorship conjecture in the first method. Our
analysis shows that the weak cosmic censorship is always valid in both normal and extended
phase space. This further supports our opinion that the assumption may contribute to
the violation of the second law of thermodynamics. It was argued in [74] that under this
assumption when the particle energy gives an increase in M , it will increase V at the same
time, cause the increase in the internal energy is less than the increase in the enthalpy so
that the assumption does not fit very well. Further details are called for.
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A. TECHNIQUE FOR CALCULATING INFALLING SHELL
In this appendix, we will show the technique of calculating the mass of shell, µ, which is
equal to the shift in the mass of black hole, dM when the dust as a shell falling near the
horizon as proposed in [75]. Considering that τ is a proper time measured by an observer
at rest in the dust and the motion of the shell is specified by r(τ), then the metric of the
shell is specified by
ds2 = −dτ 2 +R2(τ)(dθ2 + sin2 θdφ2), (72)
where R(τ) = r(τ) and 4piR2 is the surface area of the shell at τ . We consider the equation
of continuity
0 = dσ
dτ
+ σui∣i = (σui)∣i = (σ((3)g) 12ui),i /((3)g) 12 , (73)
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where σ is a surface mass density and (3)g is the determinant of the 3-dimensional metric.
Together with uτ = 1 and (3)g = R4(τ), we obtain (σR2),τ = 0 which implies that the rest
mass of the shell is a constant with 4piR2σ = µ.
The discontinuity in extrinsic curvature K is defined as [Kij] = 8piσ(uiuj+ 12 (3)gij) (please
see [75] for more details), where u denotes the 4-velocity. To proceed, we calculate [Kθθ]
component as [Kθθ] = 8piσ(uθuθ + 1
2
(3)
gθθ) = 4piσ(3)gθθ = µ. (74)
On the other hand, the component Kθθ is computed from the definition as
Kθθ = −nθ;θ = nαΓαθθ = −12nrgθθ,r = −rnr. (75)
Then the discontinuity part can be derived as
[Kθθ] = µ = −r(nr+ − nr−) (76)
where nr+ and nr− are the radial components of the normal evaluated in the exterior and
the interior geometry.
When the shell fall into a black hole, we can calculate the external components nr+
in the exterior geometry and internal components nr− in the interior geometry. Specially,
employing u.n = 0 and n.n = −u.u = 1, we can evaluate the components of u and n. Thus,
exterior to the shell we have
1 = f(r)(ut)2 − (ur)2/f(r), (77)
0 = nrur + ntut, (78)
1 = −f(r)−1(nt)2 + f(r)(nr)2. (79)
After eliminating ut, nt we obtain
n+r = [1 + (ur)2/f(r)f(r) ]
1
2
s+ . (80)
Moreover, one has r = R(τ) and ur = dR/dτ ≡ R˙ on the shell, so exterior to the shell, the
contravariant component of n is
nr+ ≡ grrn+r = (f(r) + R˙2) 12 ∣s+ . (81)
With the same algebra, one can obtain nr− = (f(r) + R˙2) 12 ∣s−. Therefore, (76) can be
re-evaluated as
µ = −R(nr+ − nr−) = −R [(f(r) + R˙2) 12 ∣s+ −(f(r) + R˙2) 12 ∣s−] , (82)
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which is treated as dM of the shift of the mass when the shell is near the horizon.
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